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Disorder plays a crucial role in spin dynamics in solids and condensed matter systems. We demon-
strate that for a spin-orbit coupled Bose-Einstein condensate in a random potential two mechanisms
of spin evolution, that can be characterized as “precessional” and “anomalous”, are at work simul-
taneously. The precessional mechanism, typical for solids, is due to the condensate displacement.
The unconventional “anomalous” mechanism is due to the spin-dependent velocity producing the
distribution of the condensate spin polarization. The condensate expansion is accompanied by a
random displacement and fragmentation, where it becomes sparse, as clearly revealed in the spin
dynamics. Thus, different stages of the evolution can be characterized by looking at the condensate
spin.
PACS numbers: 03.75.Mn, 71.70.Ej, 03.75.Kk
Spin-orbit coupling (SOC) is responsible for many fas-
cinating properties of solids [1] and cold atoms [2, 3].
Bose-Einstein condensates (BECs) of (pseudo)spin-1/2
particles provide novel opportunities for visualizing un-
conventional phenomena extensively studied experimen-
tally (e.g. [4–7]) and theoretically (e.g. [8–16]).
In the presence of SOC, the spin of a particle rotates
with a rate dependent on the particle’s momentum. In
disordered solids, randomization of momentum leads to
the Dyakonov-Perel mechanism of spin relaxation [17] in
macroscopic ensembles. Studies of BEC spin dynamics
in a random potential are strongly different from those
in solids in the following aspects: (i) one can access the
evolution of a single wavepacket; (ii) one can study the
effects of the anomalous spin-dependent velocity [18] in
different regimes of disorder and SOC, and (iii) the spin
dynamics of a BEC is influenced by interatomic inter-
actions inside each wavepacket, which are impossible for
electrons. Here we investigate these qualitatively new,
unobservable in solids, effects in the spin evolution of a
quasi one-dimensional Bose-Einstein condensate. Usu-
ally, one is interested in the long time behavior, where
localization takes over [19–27]. In the presence of SOC,
the localization was studied in Ref.[28]. Motivated by the
fact that the evolving spin density is well-defined for the
experimental observation only at short time intervals, we
consider here the initial stage of the evolution.
We consider a SOC condensate tightly confined in the
transverse directions to produce a quasi one-dimensional
system, subject to a random optical field producing a
disorder potential Urnd(x). The two-component wave
function Ψ(x, t) ≡ [ψ↑(x, t), ψ↓(x, t)]T , characterizing the
spin 1/2 system with the density |Ψ|2 = |ψ↑(x, t)|2 +
|ψ↓(x, t)|2 normalized to the total number of particles
N ≫ 1, is obtained as a solution of the nonlinear
Schro¨dinger equation i~∂tΨ = Ĥ(t)Ψ. The effective
Hamiltonian:
Ĥ(t) =
p̂2
2M
+
Mω2(t)
2
x2 + Urnd(x) + g~ω0aho|Ψ|2
+
α
~
σz p̂+
∆Z(t)
2
(σ ·m) (1)
includes the interatomic interaction in the Gross-
Pitaevskii form [29, 30] with the dimensionless constant
g [31]. Here M is the particle mass and the frequency
of the trap ω(t ≤ 0) = ω0, ω(t > 0) = 0 corresponds to
a sudden switch off. The energy quantum ~ω0 and the
length aho =
√
~/Mω0 represent the natural scales for
the system description both for t ≤ 0 and t > 0. The
SOC constant is α and σ is the Pauli matrix vector. The
Zeeman term ∆Z(t) (σ ·m) /2, with m being the syn-
thetic magnetic field direction, prepares the initial spin
state, and it is switched off at t = 0.
We assume a disorder produced by a random distribu-
tion of local potentials U0f(x− xj) at positions xj with
the mean concentration n as:
Urnd(x) = U0
∑
j
sjf (x− xj) . (2)
Here sj = ±1 is a random function of j with 〈sj〉 = 0
and 〈Urnd(x)〉 = 0. We consider f (z) ≡ exp
(−z2/ξ2)
with a small width ξ ≪ aho and assume a white-noise
distribution of impurities, resulting in [32]:
〈Urnd(x1)Urnd(x2)〉 = 〈U2rnd〉e−(x1−x2)
2/2ξ2 , (3)
with 〈U2rnd〉 =
√
π/2U20nξ. By using Fermi’s golden rule
we define a scattering time τ = vho~
2/πnU20 ξ
2, and a free
path ℓ = vhoτ with the velocity vho =
√
~ω0/M [33], and
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FIG. 1: (Color online.) Solid lines: two realizations of the
ground state of a BEC with g = 0, α = 0 in the total poten-
tials (in ~ω0−units) shown by dashed lines. Here and below
we use U0 = ~ω0, ξ = aho/32, and n = 80/aho, corresponding
to ω0τ ≈ 4. The state with 〈x(0)〉 > 0 will be used for calcu-
lations of the wavepacket evolution. For illustrative reasons,
Urnd(x) is rescaled by a factor 0.2.
require ℓ/aho ≡ ω0τ ≫ 1 as a weak disorder condition of
our interest. As the initial condition, we take the ground
state of Ĥ(t < 0) in Eq. (1) at sufficiently strong ∆Z > 0
and m = (−1,−1, 0)/√2 :
Ψ(x, t = 0) = ψ0(x) [1, 1]
T
/
√
2. (4)
Two possible |ψ20(x)| for g = 0 are shown in Fig. 1.
We characterize the spatial motion by three density-
based quantities: the center of mass position 〈x(t)〉 and
two shape-related parameters such as the width W (t) ≡[〈x2(t)〉 − 〈x(t)〉2]1/2 and the normalized participation
ratio ζ(t) [34]:
ζ(t) =
[√
2π
∫ ∞
−∞
|Ψ(x, t)|4 dx
N2
]−1
. (5)
To study the dynamics, we consider the force FΨ, de-
fined as the derivative of the potential energy with re-
spect to an infinitesimal “virtual” displacement δx as
Ψ(x, t)→ Ψ(x+ δx, t). For a given realization of Urnd(x)
one obtains
FΨ = − 1
N
∫ ∞
−∞
Urnd(x)∂x |Ψ(x, t)|2 dx, (6)
with the disorder-averaged [32] variance:
〈F 2Ψ〉 =
4π
N2
U20n ξ
2
∫ [
∂x |Ψ(x, t)|2
]2
dx. (7)
This force with 〈F 2Ψ〉1/2 ∼
√
n ξ U0ζ
−3/2(t), being deter-
mined by the spatial derivative of the density, is sensi-
tive to the local structure of the condensate, resulting
in a strong decrease for smooth density distributions.
Since at t ≤ 0 the ground state equilibrium requires
Fψ0 = Mω
2
0〈x(0)〉, the disorder potential causes the dis-
placement of the wavepacket from the center of the trap
(cf. Fig. 1) by 〈x(0)〉 = Fψ0/Mω20 ∼ aho
√
aho/ℓ.
The spin state is fully described by the reduced density
matrix ρ(t) with
ρ11(t) =
∫
|ψ↑(x, t)|2 dx
N
, ρ22(t) =
∫
|ψ↓(x, t)|2 dx
N
, (8)
ρ12(t) = ρ
∗
12(t) =
∫
ψ∗↑(x, t)ψ↓(x, t)
dx
N
. (9)
The rescaled purity P (t) = 2trρ2(t)−1 with 0 ≤ P (t) ≤ 1
in the spin subspace is given by
P (t) = 1 + 4(|ρ12(t)|2 − ρ11(t)ρ22(t)). (10)
The spin components 〈σi(t)〉 ≡ tr (σiρ(t)) yield ρ12(t) =
(〈σx(t)〉 − i〈σy(t)〉) /2. With the initial state in Eq.(4)
one obtains: ρ11(t) = ρ22(t) = 1/2, P (t) = 〈σx(t)〉2 +
〈σy(t)〉2 = 4|ρ12(t)|2, and 〈σz(t)〉 = 0. The evolution of
ρ12(t) is given by ρ12(t) = |ρ12(t)| eiφ12(t). If |ρ12(t)| =
1/2 is conserved, the purity P (t) = 1, remains constant,
and the spin evolution is a precession with 〈σx(t)〉 =
cosφ12(t) and 〈σy(t)〉 = − sinφ12(t). Equation (9) shows
that the spin dynamics is determined by the condensate
structure in terms of the overlap of ψ↑(x, t) and ψ↓(x, t).
This relation allows one to match the spin dynamics with
the evolution of the wavepacket.
To understand the effect of disorder on the spin evo-
lution, one needs to consider two mechanisms, which
we will denote as “precessional” and “anomalous”. To
characterize the “precessional” mechanism, we introduce
the precession length Lso ≡ ~2/Mα, where φ12(t) =
2 (〈x(t)〉 − 〈x(0)〉) /Lso is due to the condensate displace-
ment [35]. The “anomalous” mechanism [18] appears ow-
ing to the fact that in the presence of SOC the velocity
operator becomes spin-dependent:
v̂ =
i
~
[
p̂2
2M
+
α
~
σz p̂, x̂
]
=
p̂
M
+
α
~
σz , (11)
causing the experimentally observable spin-dipole oscil-
lations [5] and a Zitterbewegung [6]. As a result, any
initial Ψ(x, 0), if it is not an eigenstate of σz, splits into
spin-projected components. Therefore, the SOC leads, in
addition to the precession, to a reduced |ρ12(t)| , decreas-
ing the purity and modifying the spin evolution making
it dependent on the spin density distribution inside the
condensate.
Noninteracting condensate. In Fig. 2 we present the
evolution of W (t) and ζ(t) obtained from the numerical
solution [36] of the Schro¨dinger equation with g = 0.
The corresponding P (t) (Eq. (10)) is shown in Fig. 3
and spin evolution is presented in Fig. 4. A somewhat
irregular behavior of the presented quantities corresponds
to propagation of a wavepacket in a random potential
with a finite correlation length.
Immediately after releasing the harmonic potential,
the condensate starts moving due to the random force in
the direction of 〈x(0)〉 with the acceleration Fψ0/M. The
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FIG. 2: (Color online) The wavepacket parameters (as marked
near the lines) of a noninteracting BEC. The picture shows
the wavepacket fragmentation, where W (t) exceeds ζ(t). The
time dependences do not show qualitative changes with the
realization of Urnd(x). The vertical line corresponds to t = τ.
spin precesses accordingly to the 〈x(t)〉−displacement,
with 〈σy(t)〉 = −ω20t2〈x(0)〉/Lso. The evolution of
〈σx(t)〉 =
√
P (t)− 〈σy(t)〉2 has a different origin. In
the precessional mechanism with P (t) = 1, one expects
〈σx(t)〉 =
√
1− 〈σy(t)〉2, and, therefore, a quartic ∼ t4
initial behavior. However, the initial behavior in Fig.
4(a) is parabolic rather than quartic since the time de-
pendence of P (t) is important. At small t the wavefunc-
tion behaves as
Ψ(x, t) = [ψ0(x− αt), ψ0(x+ αt)]T , (12)
and Eq.(9) with Ψ(x, t) in Eq. (12) yields P (t) =
1 −Mα2Ekint2/~4, where Ekin ≈ ~ω0/4 is the initial ki-
netic energy. In addition, the condensate starts to spread
due to the coordinate-momentum uncertainty. As a re-
sult of this spread, the force and the acceleration de-
crease, and 〈x(t)〉 and φ12(t) acquire a sub-t2 dependence.
Thus, time-dependence of the spin is strongly related to
the Urnd(x) where the condensate moves. The behavior
of 〈σx(t)〉 at this stage is always due to the component
separation, demonstrating that two mechanisms of spin
evolution are at work simultaneously. On the time scale
of the initial wavepacket broadening (∼ ω−10 ), the effect
of the precession angle 1 − cosφ12(t) is of the order of
a2ho/L
2
so × aho/ℓ, while the change in the purity 1− P (t)
is of the order of a2ho/L
2
so. Therefore, for 〈σx(t)〉, the ef-
fect of components separation is larger than the effect of
precession by a factor of ∼ ℓ/aho. Thus, at a weak dis-
order, the initial evolution of 〈σx(t)〉 is due to the purity
decrease, while 〈σy(t)〉 evolves due to the spin precession.
At the following stage, for t ≥ τ , fragmentation of
the condensate in the random potential begins, and ζ(t)
becomes smaller than W (t) (Fig. 2). The density distri-
bution becomes relatively sparse and consists of several
peaks of different width, in agreement with Ref. [20]. At
this stage, the purity is related to the details of the wave
function components. The evolution of P (t) in Fig. 3
shows a crossover to the oscillating plateau at time satis-
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FIG. 3: (Color online) Purity of the spin state of a nonin-
teracting BEC for different values of SOC. This Figure shows
the crossover from decreasing P (t) to the randomly oscillating
behavior.
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FIG. 4: (Color online) Time dependence of 〈σy(t)〉 and 〈σx(t)〉
for different values of α. The upper curve in (a) is for the
realization of the random potential in Fig. 1 with 〈x(0)〉 < 0.
The behavior of 〈σy(t)〉 is mainly due to the spin precession.
fying condition 2αt/~ ∼ ζ(t). The reasons for the change
in the purity (Fig. 3) and the corresponding spin dy-
namics (Fig. 4) can be understood from Fig. 5, showing
Re[ψ↑,↓(x, t)] and Im[ψ↑,↓(x, t)] after the fragmentation
in a random potential has produced the irregular shape
of the wavefunction [37]. In the presence of SOC, the
spinor components are considerably different, and their
relative oscillations lead to a decrease in |ρ12(t)|, result-
ing in the purity decrease. If 2ατ/~ ≤ aho, the purity
does not fall to zero and the spin length
√
P (t) remains
approximately a constant at this stage. The oscillations
correlate with the displacement 〈x(t)〉 changing on the
time scale of the order of τ due to a nonvanishing force
FΨ. The spin precesses with 〈σy(t)〉 ∼ 〈x(t)〉/Lso as can
be seen in Fig. 4(a). Since |〈x(t)〉| is of the order of
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FIG. 5: (Color online) Components ψ↑(x, t) and ψ↓(x, t) (as
marked near the plots) at t = 18ω−1
0
. The small integral over-
lap of these functions corresponds to the oscillating plateau
in Fig. 3. The insets show the two components at α = 0 [37].
ζ(t) ∼ ℓ≪ Lso, at sufficiently weak SOC 〈σy(t)〉 ≪ 1.
Effects of interaction. Here we address the effect of a
moderately strong repulsion gN ∼ 1, causing an increase
in W (t) and ζ(t), as shown in Fig. 6, and, as a result,
decreasing the random force (6) acting at the conden-
sate. The repulsion accelerates the packet spread and
the purity decreases faster due to the resulting decrease
in |ρ12(t)|. As a result, the effect of disorder in the spin
dynamics weakens. The comparative behavior of purity
is shown in Fig. 6. The corresponding spin evolution is
presented in [37]. At gN ≫ 1, the spin dynamics becomes
mainly interaction-determined.
Conclusions. We have studied the dynamics of a single
wavepacket of spin-orbit coupled Bose-Einstein conden-
sate in a random potential on a time scale of tens of
the scattering times. We have predicted experimentally
observable features of the spin evolution such as the de-
pendence of the spin dynamics on the initial state and
a qualitative difference between spin components includ-
ing a crossover from decreasing to a plateau-like behavior.
The striking feature of this process is that two different
mechanisms of spin dynamics - a precessional one and the
other one due to the change in the spatial overlap of the
spin components, take place simultaneously. The former
mechanism is due to the spin precession related to the
condensate displacement, while the latter one, not seen
in solids, is caused by the spatial separation of the spin
components attributed to the anomalous spin-dependent
velocity [18].
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SPIN COMPONENTS OF CONDENSATE WAVEFUNCTIONS.
Here we present wavefunctions of spin-orbit coupled condensate at different stages, corresponding to the times
before and after the fragmentation.
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FIG. 7: Real and imaginary components of the wavefunction at different times for α = 0.2~vho. The upper row corresponds to
a relatively short time t = 3ω−1
0
where the condensate is not yet fragmented, while the lower row corresponds to the fragmented
BEC at t = 12ω−1
0
. Panels (a) and (b) show that before the fragmentation starts, the spin-projected components ψ↑(x, t)
and ψ↓(x, t) are very similar. At the fragmentation a multiple peak structure is formed and the spinor components become
considerably different to decrease the rescaled purity P (t) of the system (Eq. (10) of the main text). The relative stabilization
and oscillations of the purity are due to the fact that for the multiple peak structure there is no a monotonous decrease in
|ρ12(t)| (as defined in Eq. (9) of the main text) with time.
EFFECT OF INTERATOMIC REPULSION ON SPIN DYNAMICS.
Here we present the effect of moderate repulsion gN = 4 on the spin dynamics.
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FIG. 8: Time dependence of the spin components. Solid lines are for noninteracting condensate and dashed lines are for the
interacting (as marked near the plots) one. At small t the behavior of the spin components rather weakly depends on the
interaction since the initial width and position of the wave packet is almost the same for g = 0 and gN = 4. With the course
of time the difference increases. We note that in this case |〈σy(t)〉| ≪ 1 and 〈σx(t)〉 ≈ P 1/2(t). The qualitative features of the
behavior of 〈σy(t)〉, dependent on the displacement of the entire condensate, do not change for gN = 4 since the interaction
does not lead to an external force acting on the condensate.
